INTRODUCTION
In the scheduling and planning, there are two types of networks which represent a project, i. e., the activities together with their precedence relations, namely the activity-node networks and the event-nöde networks. The former are sometimes called simply the activity networks and the latter the PERT, project, or event networks. In this paper, we shall use the names activity network and event network, resp. An activity network is a digraph D in which the nodes correspond one-to-one with the given activities and there is an arc (w, v) in D if activity u précèdes activity v. There exists a unique activity network without redundant arcs for each project. In an event network E which corresponds to an activity network Z), the given activities are represented by a subset of arcs of E and the precedence relations are preserved. In gênerai, dummy activities (arcs of E) are introduced to satisfy the last requirement and, since there is an infinité nuîïiber of different sized evcni networks for each project, the problem is to find for a set of activities and their precedence relations, an event network with the minimum number of dummy activities. The motivation behind this problem is to minimize the time of the analysis of a network which is proportional to the number of arcs, including those which correspond to dummy activities.
Krishnamoorthy and Deo proved in [9] that the problem of finding the minimum number of dummy activities in the event network which correspond to a given set of activities and their precedence relations is NP-complete. In section 2 and 3, we characterize the precedens relations for which there exists an event network without dummy activities and show that the question whether a given precedence relations require dummy activities in the event network can be answered in polynomial time.
In section 4-6, we review some algorithms for finding the event network with the minimum number of dummy activities and in section 7, a new approach is presented which gives rise to an approximate algorithm and can lead to an optimal branch-and-bound method.
The precedence relations of a real-world set of activities are consistant, that is the corresponding activity network and the event network contain no circuit. Cantor and Dimsdal [2] generalized the problem for not necessarily acircuit digraphs and we investigate and explore here some graph-theoretic relations between two pairs of digraphs, namely between an activity network and its event network and a digraph and its line digraph.
For graphical terms not defined in this paper we referred to [7] . Q If £ is a multidigraph then ^ (E) is a node-dual digraph of £. In this case, g is a bijection and if(£) need not be a node-dual digraph of £ with the minimum number of vertices. Figure 2 .1 (a) shows a digraph E and its line digraph, and the node-dual digraph of £ with the minimum number of nodes is shown in figure 2 . l(b). 
V(D')=V(D) and
(2) D'=D, and (3) Z>' has the minimum number of arcs among ail digraphs which satisfy (l)and(2). We conclude this section with an example which shows that in spite of the results in [3] and [10] , the number of nodes and the number of arcs in an event network cannot be minimized simultaneously even if there are no parallel activities (i. e., activities with the same sets of predecessors and successors).
The set of activities and their precedence relations are shown in figure 2.3 (a). 
THE COMPUTATIONAL COMPLEXITY OF THE PROBLEM
Krishnamoorthy and Deo proved in [9] that the problem of finding whether there exists the event network with the number of dummy activities less than k for a given set of activities and their precedence relations is NP-complete. In fact, they proved a strenger resuît, that this prcblein is NPccmpiete even if we restrict our attention only to the event networks with the minimum number of nodes. The resuit of Krishnamoorthy and Deo follows from the fact that the node-cover problem in simple graphs with vertices of degree two or three is polynomially transformable to the problem considered hère.
Applying the results of the previous section we show now that the problem of testing whether for a given digraph not necessarily acircuit there exists an arcdual digraph without dummy arcs, i. e., when k = 0, can be solved in polynomial time.
Let consider first the real-world problem. The foliowing algorithm checks whether for a given acircuit activity network D there exists an event network with no dummy activities. 
tests in polynomîal time if a given digraph has an arc-dual digraph with no dummy arcs.
We shall use the following lemmas to prove theorem 3.2. practical point of view. The resuit of Krishnamoorthy and Deo suggests that a polynomial approximate algorithm rather than an exact one should be used in practice. Ho wever the former can produce some dummy activities even if they are not necessary. Therefore, the testing if a given activity network has an event network without dummy activities should be the first step of any method designed to minimize the number of dummy activities, and, as it has been shown, it can be done very efficiently.
A GENERAL APPROACH TO THE CONSTRUCTION OF OPTIMAL EVENT NETWORKS
In this and in sections which foliow only acircuit digraphs are considered. The results of the previous section suggest the folio wing gênerai scheme of any algorithm which intends to minimize the number of dummy activities in the event network corresponding to a given activity network D. • There are several algorithms that have so far been proposed and can be incorporated in the main step. We review some of them in the next section and hère we present only some basic results which lead to the minimization of the number of nodes in the event networks, since all the algorithms reviewed intend also to minimize that number.
Let { a t } be the set of activités, and P (i) and S (i) dénote respectively the set of immédiate predecessors and the set of immédiate successors of a t and P (i) and S(i) dénote respectively the set of all predecessors and the set of all successors of a r
The following lemmas when applied to a set of activities and precedence relations among them produce the event network with the minimum number of nodes (for proofs see [2] , [3] and [10] ). LEMMA 
4.1: Activities i and j may start at the same node ij and only ij' P{i) = P(j).
• LEMMA 
4.2: Activities i and j may end at the same node ijand only if S(i) = S(j). O OPTIMAL CONSTRUCTIONS OF FVFNT-NODE NETWORKS

LEMMA 4.3: The terminal node of activity i may be the initial node of activity j if and only if H S(k)~S(i), where ieP(j). D
A SHORT REVIEW OF ALGORITHMS FOR FINDING AN OPTIMAL EVENT NETWORK
We start this section with an example of an activity network which appears to be very hard for most of the algorithms. The first algorithm was proposée! by Dimsdal [4] and a counterexample that it does not always produce an event network with the minimum number of nodes and dummy activities is given in [5] . It fails also for the network D of figure 5.1.
The algorithm proposed by Fischer et aL [5] , contrary to the authors' claim, also fails to create the event network with the minimum number of dummy activities (for instance, for the activity network shown in figure 5.1 (a) , see also [3] ). For some activity networks it produces also dummy loops and some parallel dummy activities.
The algorithm presented by Hayes [8] is a set of opérations which should be performed to give an event network with the minimum number of dummy activities but, as in the case of two previous algorithms, there is no proof of its correctrïess and optimality. Ho wever it is mentioned in [8] that the number of dummy activities can be decreased by increasing the number of nodes in the event networks.
Cantor and Dimsdal [2] presented the algorithm which for a given digraph constructs the arc-dual digraph with the minimum number nodes but their algorithrn intreduces redundant dummy activities {sec the exarnpie in [2] ) and fails to produce the digraph E for the digraph D of figure 5.1. The algorithm for finding the node-dual digraph with the minimum number of nodes is also presented in [2] , Corneil, Gotlieb and Lee [3] (see also [10] ) state that if an activity network does not contain parallel activities then the number of nodes and the number of arcs in an event network can be minimized simultanously and that to minimize the latter number we may first minimize the former one and then minimize the latter. Figure 2 .3 shows however that in gênerai these statements are not true.
The algorithm of Sterboul and Wertheimer [11] minimizes the number of nodes in the event networks by using the opérations which follow from lemmas 4.1-4.3.
APPROXIMATE ALGORITHMS WHICH ARE OPTIMAL IN A CERTAIN CLASS OF
METHODS
While constructing an event network if we do not intend to minimize neither the number of nodes nor the number of activities then the foliowing event network F can be created immediately. Let D dénote an activity network. Then [12] , where an algorithm for finding D' in polynomial time is also presented. In gênerai, even the minimum number of subdivisions in an activity network produces a great number of dummy activities in the corresponding event network, To improve the method, an arc set subdivision has also been defined in [12] It is easy to see that both opérations preserve the precedence relations. Once the minimum subdivision or the minimum gênerai subdivision D'of D has been found, the event network F such that S£ (F)=D f can easily be constructed. Since both opérations: the arc subdivision and the arc set subdivision, and J^~* preserve the precedence relations, the algorithms in [12] produce the approximate solutions to the problem and these solutions are optimal in the classes of ail solutions which can by obtained by performing the arc subdivions and the arc set subdivisions, resp.
V(F)={u x ,u 2 \ueV(D)} and OPTIMAL CONSTRUCTIONS OF EVENT-NODE NETWORKS
A NEW ALGORITHM FOR FINDING AN OPTIMAL EVENT NETWORK
The approach proposed in this section results from the relations between réversible digraphs and arc-dual digraphs, and leads to the method which can produce the event networks with the minimum number of dummy activities correspond to the dummy activities of the event network E, and E satisfies Such a transformation consists of a séquence of node insertions which preserve the precedence relations. The nodes inserted correspond to dummy activities of the resulting event network. Now we shall consider the reverse transformation to find a gênerai form of this opération of a node insertion. Suppose that for an acircuit activity network D with no redundant arcs we are given an event network JE. If possible, we take E with the minimum number of dummy activities and suppose that E contains some dummy activities.
Let D' ~ if (£). Vcrticcs in ¥(0')-V(D) correspond to dummy activities in E.
Since D'is a line digraph, it has an improper partition and we take the foliowing one < { 17}}, { Wj} } j9 where: The following properties of ({l/j}, {W 7 ;})! follows from the relations between digraph D and digraphs E and D', and from Algorithm EÀ. The transformation consists of a séquence of node insertions which are created when some nodes of D occure in more than one set W { . By lemma 4.1, the activities with the same set of predecessors appear in the same set Wj and they may be considered together in the algorithm and by lemma 4.3, an activity je W k for which there exists an activity ie U k such that i and j satisfy the condition of the lemma need not be moved from W k , such an activity j is said to be stable in W k .
The algorithm works in the direction opposite to that of Algorithm EA, therefore we assume that (1 ) the pairs {(17,-; W^)}, are topologicaly sorted, i. e., if u € W) and u e 17 • then i<j; (2) •
The last property 7.4 (v) follows from the fact that D has no redundant arcs and that in step 4 we cover activities which are in distance of at most 2 from activities in 17,.
'0
In gênerai, Aigorithm AE produces only a suboptimal solution {see examples 7.4 and 7.5) however one can easily verify that it needs only polynomial time.
Sînce the problem of finding an event network with the minimum number of dummy actiyities is NP-complete, it is unlikely that any polynomial time algorithm can produce an optimal solution for every input. However it is not difficult to show how using slightly modified versions of steps 4-5 and 7 to design a branch and bound algorithm which will always solve the problem. To this end we should take into considération that the initial order of pairs {(£/,; W t ) }/ is not unique and that the resuit of the algorithm dépends on the order of steps 4 and 7 in the séquence of node insertions. The details are left to the Reader since our goul was only to present an approach which can lead to the optimal solution and to give an approximate algorithm, and the generalization is straigthforward. We conclude this section with a number of examples which illustrate the main steps and features of Algorithm AE. Example 7.3: Let now consider the activity network D which corresponds to the node-cover problem for the graph shown in figure 7 .1 (see also [9] ). Paper [9] contains the proof that the minimum node-cover problem in graphs with vertices of degree two or three, which is NP-complete, is polynomially transformable to the problem of finding the event network with the minimum number of dummy activities for the activity network constructed above. Let apply Algorithm AE to the activity network corresponding to the graph G of figure 7.1. 
